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Dilatonic quantum multi-brane-worlds

Shin’ichi Nojiri*
Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239, Japan

Sergei D. OdintsoV
Tomsk State Pedagogical University, 634041 Tomsk, Russia

K. E. Osetrir
Instituto de Fisica de la Universidad de Guanajuato, Apartado Postal E-143, 37150 Leon, Guanajuato, Mexico
(Received 8 September 2000; published 23 March 2001

A five-dimensional dilatonic gravity action with surface counterterms motivated by AdSIC&fTformal
fluid theory correspondence and with contributions of brane-quantum CFTs is considered around an AdS-like
bulk. The effective equations of motion are constructed. They admit(bwter and inner or multi-brane,
solutions where the brane CFTs may be different. The role of quantum-brane CFT is in inducing a complicated
brane dilatonic gravity. For exponential bulk potentials the number of AdS-like bulk spaces is found in
analytical form. The corresponding flat or curviel Sitter or hyperbolicdilatonic two branes are created, as
a rule, thanks to quantum effects. The observable early universe may correspond to an inflationary brane. The
found dilatonic quantum two-brane-worlds usually contain a naked singularity but in a couple explicit ex-
amples the curvature is finite and a horiz@orresponding to wormholelike spacappears.
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I. INTRODUCTION finiteness of space-time when brane goes to infinity. Of

course, leaving the theory in such form would rule out the

The recent booming activity in the study of brane-worldspossibility of consistent brane-wor!d solutions’ existe_nce.
is caused by several reasons. First, gravity on a fourFortunately, other parameters contribute to brane tension. If
dimensional(4D) brane embedded in a higher-dimensional®"€ considers that there is quantum conformal fluid theory

i : . (CFT) living on the brangwhich is more close to the spirit
AdS-like universe may be localizdd,2]. Second, a way to of AdS/CFT correspondend®]) then such CFT produces

conformal anomaly(or anomaly-induced effective actipn
. . Mhis contributes to brane tension. As a result, dynamical
have come to the gani8,4]. A very incomplete list of ref-  ochanism to get brane-world with flat or curviet® Sitter
erenceg5,6] (and references thergimmainly on the cosmo- o anti-de Sitter brane appears. The curvature of such a 4D
logical aspects of brane-worlds, is growing every day. universe is expressed in terms of some-dimensional param-
The essential element of brane-world models is the presgter| that usually appears in AdS/CFT setup and in terms of
ence in the theory of two free parametéoslk cosmological  content of quantum-brane matter. In other words, brane-
constant and brane tension, or brane cosmological constanivorld is the consequence of the fduerified experimentally
The role of the brane cosmological constant is to fix theby everyday lif¢ of the presence of matter on the brane. For
position of the brane in terms of tensidthat is why the example, sign of conformal anomaly terms for usual matter
brane cosmological constant and brane tension are almost tiesuch that in one-brane case the de Sifeer expanding,
same thing Being completely consistent and mathemati-inflationary) universe is preferable solution of brane
cally reasonable, such a way of doing things may not lookequation:

completely satisfactory. Indeed, the physical origind pre- The scenario of Ref48,7] may be extended to the pres-
diction) of brane tension in terms of some dynamical mecha€nce of dilatofs) as it was done in Ref12] or to formula-
nism may be required. tion of quantum cosmology in Wheeler—De Witt fofrb3].

One considers the addition of surface counterterms to thgorrespondence as dilatonic gravity naturally follows as
original action on AdS-like space. These terms are resporR0Sonic sector of 5D gauged supergravity. Moreover, the ex-
sible for making the variational procedure well-definga tra prize-in form of dynamical determination of 4D pound_ary
Gibbons-Hawking spirjtand for elimination of the leading Vvalue of dilaton appears. In Refl2] the quantum dilatonic
divergences of the action. Brane tension is not considered &f1€-brane universe has been presented with the possibility to

a free parameter anymore but is fixed by the condition o€t inflationary or hyperbolic or flat brane with dynamical
determination of brane dilaton. The interesting question is
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related with generalization of such a scenario in dilatonicHawking surface tern$gy, the surface counterter®, and
gravity for the multibrane case. This will be the purpose ofthe trace-anomaly-induced actfow:
the present work.

In the next section we present general action of 5D dila-
tonic gravity with surface counterterms and quantum-brane
CFT contribution. This action is convenient for description
of brane-worlds where bulk is AdS-like space-time. There 1 1
could be one or twdflat or curved branes in the theory. As Sen= RJ d5X\/%< R~ 5VudVie
it was already mentioned, the brane tension is fixed in our
approach; instead of it the effective brane tension is induced
by quantum effects. Section Il is devoted to formulation of + |_2+q>(¢)>, ©)
effective bulk-brane field equations. The explicit analytical
solution of bulk equations for a number of exponential bulk

S: SEH+ SGH+ 281+W, (2)

potentials is presented. The lengthy analysis of 4D brane 1 4 —

equations shows the possibility to have t{irmner and outer N d*xVg4)V,n @
branes associated with each of the above bulk solutions. It is

interesting that quantum-created branes can be flat, or de

Sitter (inflationary) or hyperbolic. The role of quantum- B 1 4 6 |

brane-matter corrections in getting such branes is extremely S1=- 167Gl d™xVga) |_+ Zq’(d’) ' ®)

important. Nevertheless, there are few particular cases where
such branes appear on classical level, i.e., without quantum

corrections. In Sec. IV we briefly describe how to get gen- _ 4 \/:~ s \/: o~
eralization of above solutions for quantum dilatonic multi- W=b [ d™xVgFA+Db" [ d™xVg) Al 2L°+R,,V,V,
brane-worlds with more than two branes. A brief summary
A
A -
ever, in a couple cases the scalar curvature is finite and there j d X\/S[R 60A
is a horizon. The corresponding 4D branes may be inter-

of results is given in Sec. V where also the study of character 4~ ~
reted as wormholes. e~ e~
p —G(VMA)(VﬂA)]2+Cf déx\gA s

& %Ak
3

2 o o~ -
; L . . — —R[%4+ —(V#
of singularities for proposed two-brane solutions is pre- 3RD + 3(V R)V,.|A+
sented. In most cases, as usually occurs in AdS-dilatonic

gravity, the solutions contain the naked singularity. How = b”+§(b+b’)

II. DILATONIC GRAVITY ACTION WITH
BRANE-QUANTUM CORRECTIONS

~ o~ e = 2e~ 1o
x| D%+2R,,V,V,— RO+ E(V“R)VMP. (6)

Let us present the initial action for dilatonic-AdS gravity
under consideration. The metric (Euclidean AdS has the
following form:

Here the quantities in the five-dimensional bulk space-time
are specified by the subscrig® and those in the boundary
four-dimensional space-time are specified(®y The factor
2 in front of S; in Eg. (2) is coming from the fact that we
have two bulk regions that are connected with each other by
dsz=d22+_2 g(4)ijdxidxj, g(4)ij=ez7a(z)éij_ (1) the brane. In Eq(4), n* is the unit vector normal to the
ij=1 boundary. In Egs(4), (5), and (6), one chooses the four-
dimensional boundary metric as

Here (jij is the metric of the Einstein manifold, which is
defined byrIJ k{:]”, where rj; is the Ricci tensor con-
structed W|thgIl andk is a constant. One can consider two
copies of the regions given y<z, and glue two regions We should distinguistA andg g,y With A(z) and g,J in EqQ.
putting a brane ar= - Zp- More generally, one can consider (1). we will spec|fyg” later in Eq.(27). We also specify the
two copies of reg|onzo< z<z, and glue the regions putting  quantities given by,,, by using tildesG (G) andF (F) are
two branes az=7, andz=z,. Hereafter we call the brane at
z=7, as “inner” brane and that at=z, as “outer” brane.

Let us first consider the case with only one braneat 2rqr the introduction to anomaly-induced effective action in
=Z, and start with Euclidean signature actiSrthat is the  curved space-time(with torsion, see Sec. 5.5 if14]. This

sum of the Einstein-Hilbert actioBgy with kinetic term and  anomaly-induced action is due to brane CFT living on the boundary
potential V() = 1212+ d(¢) for dilaton ¢, the Gibbons-  of dilatonic AdS-like space.

g(4)/J,V:e2A§,uV' (7)
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the Gauss-Bonnet invariant and the square of the Weyl teranomaly (CA) than in case of holographic conformal

sor, which are given ds anomaly[16] for A’=4 super Yang-Mills theory.
Let us consider the case where there are two branes at
G=R?—4R;RV +R; R4, =7, andz=z,, adding the action corresponding to the brane
at z=27, to the action in Eq(2):
F= %RZ_ 2R|] le + Rijkl Rijkl ) (8) StWO branes— S—'_"éGH_F 2§l+ \7\/! (12)
~ 1
= Ay f “
In the effective actiori6) induced by brane-quantum mat- SeH 87TGJ dXVg@ V", (13

ter, with N scalar N4/, spinor,N; vector fieldsN, (=0 or 1)

gravitons, andN,p higher-derivative conformal scalarb, s _ 1 J’ a 9 |_
b’, andb” are §1= T6ma1) IXVow| T+ 724, (14)

L NF6Nypt 12N1+61]N2—8NHD’ \7V=5j d4x\/§,~:A+5,J d*\g
1204 1)?
_~ o~ 4
2 o 2
N 1INy p+62N; + 141N, — 28N, XA PHTHRL VLY, SRD
360(4)? ’ 2 - ~ 2
+ §(V#R)V‘u A+| G— §|:|R)A]
b"=0. 9
1(~. 2. .
_ L +b’ 4
Usually,b” may be changed by the finite renormalization of 12 b S(b b*) J d X\fg
local counterterm in gravitational effective action. As it was . - ~
the case in Ref[12], the term proportional tdb”+2(b X[R-60A—6(V,A)(V+A)]?
+b’)} in Eq.(6), and thereford”, does not contribute to the
equations of motion. Note that CFT-matter-induced effective +E;f d4x\/EA¢ 02+ 2R ﬁ %V
action may be considered as brane-dilatonic gravity. s
For typical examples motivated by AdS/CFT correspon- A
dence[9] one has - §RD2+ §(V“R)Vﬂ ®. (15
(8 N=4 SU(N) super Yang-Mills(SYM) theory
) We should note that the relative sign'®f is different from
b= b’ = c_N-1 10 S The parameters, b’, b”, andC correspond to the mat-
4 4A(4m)% ter that may be different from the outer brane one on the

inner brane as in EJ9). Hence, the situation with different
(b) N=2 Sp(N) theory CFTs on the branes may be considered. Having the action at
hand one can study its dynamics.

2 2
_ANT+I1sN-2  12NTHIN-1 11) IIl. DILATONIC QUANTUM-BRANE-WORLDS

b'=—
z 2
24(4) 24(4) Let us start the consideration of field equations for the

two-branes model. First of all, one defines a new coordinate
One can write the corresponding expression for dilatonz by
coupled spinor mattefrl5] that also has nontrivialslightly

different in form dilatonic contribution to conformal Z:fdy‘/f(y), (16)
and solvesy with respect toz. Then the warp factor is
We use the following curvature conventions: e?AZ0=y(z). Here one assumes the metric of five-
dimensional space-time as follows:
R:gMVRp,w 4
ds?=gs),,, dxHdX=f(y)dy?+y >, g;;(x)dxidx.
RMV:RA/H\V’ ihj=1
17
R =Tt Ty~ T2 00+ TS Hereg;; is the metric of the four-dimensional Einstein mani-

fold as in Eq.(1). From the variation ovegs,, in the

1 Einstein-Hilbert actior(3), we obtain the following equation
I‘Z}\zzgﬂ (gﬂv,)\—‘rg)\v,,u,_g,u,}\,v)' in the bulk:
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| 2

1_2+ (D(d)) g(5),uV

1
0=Re)uv~ 596)R~ 5

1 1
- E( au¢av¢_ Eg(S)Mvgﬁg)ap¢aa¢) (18)

and from that over dilatorp
0=3,(NV9(5)9(5)7, ) + P (). 19

Assuming thatg s, is given by Eq.(17) and ¢ depends
only ony: ¢= ¢(y), we find that the equations of motion
(18) and (19) take the following forms:

_2kf 31 1(1? qﬁ)
_7_5)7+2 —+TD(¢P) f+ A (20
kf 3 df 1(12 ) ( ¢)
y taryayt 2\t ey
(21)
_d(yrde)
—dy<ﬁdy)+¢ ()y2\f. (22)

Equation(20) corresponds tog,v)=(y,y) in Eq. (18) and
Eq.(21) to (u,v)=(i,j). The case of &,v)=(y,i) or (i,y)
is identically satisfied.

On the other hand, on th@ute) brane, we obtain the
following equations:

0= 48’ A ! lCI) ALb’(49*A—1602A
= 16.G AT 2 (¢)|e (49,A—1609,A)

—4(b+b")[d*A+252A—6(d,A)%5%A]

+2C(d5¢—4d5), (23)
4 3
0=-3-5 e, ¢p— e e*r D' ()
+C{A(dyp—405h)+ dg(Ad)—45%(AP)}.  (24)

For the inner brane, one gets

484
167G

9,A— c1>(¢) e +b’ (402A—165%A)

—4(5+5’)[ﬁ§A+2(9§A—6((9,,A)20’!§A]

+2C(d5¢—4d2), (25
|4 3

0=g.6¢ 7" 32,5

+%(AP)—42(AP)}.

e* 0’ (¢p)+Cl{A(dhd—4350)

(26)

In Egs. (23) and (24), using the change of the coordinate

dz=/fdy and choosind?e?(*X =y(z) one uses the form
of the metric as

PHYSICAL REVIEW D63 084016

ds’=dZ2+e*(g,, dx“dx’,

5 (27)
9, dx*dx’=12(do?+dQj).

Here d)3 corresponds to the metric of three-dimensional
unit sphere. Then for the unit sphere<3),

A(z,0)=A(z,k=3)—Incoshe, (28)
for the flat Euclidean space&€ 0)
A(z,0)=A(z,k=0)+o0, (29
and for the unit hyperboloidk= — 3)
A(z,0)=A(z,k=—3)—Insinho. (30)

We now identify A and§ in Eq. (27) with those in Eq.(7).
Then we findF=G=0, R=6/2, etc

Using Eqgs.(20) and(22), one can deletéfrom the equa-
tions and can obtain an equation that contains only the dila-
ton field ¢ (and, of course, bulk potentjal

5k k <d¢) 3 y3(d¢>)2

12 "3 ay) T]2Y" % lay

6 1 d d?

x|+ 3 ¢<¢>)]df A <I><¢>>) ;
3 y?*[dg)\?

Z__(dy> ®'(¢). (31)

Our choice for dilaton and bulk potential admitting the ana-
lytical solution is

d(y)=p1In(pyy), (32

12
d(p)=— |—2+c1 explag)+c,exp2ad), (33

wherea, p;, p,, C1, andc, are some constants. When
==+1/\/6, Eq.(31) is always satisfied but from E¢22), we
find thatf(y) identically vanishes. Therefore we should as-

sumep, # +1/\/6. Then we find the following set of exact
bulk solutions:

6kpop? 1
Case 1. ¢c;=———, ¢€,=0, a=——, # =46
1 3_2pi 2 Ps P1 \/_
3—2p?
="y (34
Case 2 6k L1 T3
ase 2. Ci=-— , a=*+—, =F
1 P2 \/§ P1
f(y)= (35

(2c,/p3)—4ky

084016-4



DILATONIC QUANTUM MULTI-BRANE-WORLDS
1 3
Case 3: C,=3Kp,, a==*—=, Ppi1=+ 3

f(y)= 21p,
8vy(cry+7k\poy)

We can check that the above solutions satisfy @4).
In the coordinate system in E(L7), Eq. (24) for an outer
brane has the following form:

(36)

yo yo
(37

and Eq.(25) for the inner brane

v &
0=——d ¢+

——— ' (py) +6Chy. (39
87G f(;o) 321 G| 0 o

Here ¢ (o) is the value of the dilatorp on the outer

(innen brane. We also find Eq23) for an outer brane has

the following form:

1

1 |
R —
2yodiyg T 2att%0

for k#0 case and

3y3
167G

+8b" (39

_3y; ( 1 _l_l_qy )) (40)
167G | 2y gy 1 24T (%o

for k=0 case. For the inner braf25) for k# 0 has the form
of

1 1 |

¥ D (o)
=177 5;%(%
YNty | 24

167G

+8b’.

(41)

The equation fok=0 case is identical with that of the outer

brane in Eq(40) if we replaceb’ with b’.

Case 1 solution

First we consider Case 1 in E@®4). Sincef(y) should be
positive (we should also notg>0), one gets

2 >0, g>0 (42
Q—m » =0,

In Eq. (42), we can also consider the limit &0 by keep-
ing q finite, i.e.,p?— .
Whenk#0, Eqgs.(39) and(37) have the following form:

PHYSICAL REVIEW D 63 084016

) _ 3 qg,zlqullyo
—8b'=F 1(YO)= 67G YO _YO 16
2|2
1_P_
— 3 Yo 1/2 2
" 167G 21 - 2
1—\/1—1—
1/2__ 2
X\Yo———% 1 (43
_ P19 3/2 plq
and Eqs.(25) and(26) are
_ 3 (g, 1, o’pilyo
8b —Fl(YO)=R zyo _ﬁyo_ 16 (45)
0= P19 e 3Ip1g” +6C (46)
“87GY0  64nG Y0 0:

Sincep, is absorbed into the definition gfin Egs.(43) and
(45), Egs.(44) and(46) can be regarded as the equation that

determinesp, or ¢q/p;In(psyo) and ¢o/pi=In(p.yo). We
now investigate the properties Bf(y,) as a function ofy,,.
The asymptotic behaviors are given by

pig?l
Fi(Yo =~ {5.G 116 yo<0 wheny,—+0 (47)

3 1
Fi(Yo) =~ g5 77Y0<0 when yo—+.

(48)
Since
, 83 [3q,, 1 pid
Filyo) =gl 2 Y 7Y~ 15 | (49
Fi(yo) has extrema when
., 3al ., pig??
0=Yo= 7 Yot —qg (50)
whose solutions are given by
3q| 4p3
yé’2=y£’25?(1t 1—7 . (51
Therefore if
3

Eq. (50) does not have any solution afd(y,) is a mono-
tonically decreasing function of,. Then Eqs(47) and (49
tell that there is no solution of the brane equatidd) for
negativeb’ in case of Eq.52). On the other hand, when
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from brane matter in order to obtain the two-brane dilatonic

P4l <§- (53 inflationary universe where observable world may be associ-
ated with one of the inflationary branes.
substituting Eq.(51) into the expression foF(y,) in Eq. Whenk=0 in Case 1, as discussed beforeqiis finite,
(43), one gets we find
3 3%qY® 4p? , 3
S - — = 60
F1y2)= 76, 2x87 9 1 P13 (60
4p§_ 1 Then Eq.(40) can be rewritten in the following form:
x| \1-—==Fz]. (54)
9 3
1, 30°1°
Then we findy,=y. corresponds to the maximum of 0=Yo—dlyo +—5: (61)
Fi(yo). The maximum is positive F(y,)>0 if
J1-4p2/9—-1>0, that is, which has two solutions:
2
e ° w2t 2 (62)
0T 4 4

which is, of course, consistent with E(3). In case of Eq.

55), if . :
®9 These two solutions might be regarded as two-brane solu-

Fi(y,y)=—8b', (56) tions. On the other hand, the form of E&7) for k=0 case

is identical with that ofk#0 in Eq. (44), which can be

Eq (43) has a solution, that iS, there can be a brane. We Cagolved with respect t@')o or p, in one-brane solution. How-
also consider an inner brane that liesyaty;<y,. For the  ever, in cas&=0, the value op; is fixed by Eq.(60). In the

inner brane, the relative sign df andb’ is changed in the classical limit ofk=0 case, Eq(40) can be rewritten in the

equation corresponding to EG3). Then if form of Eq. (61) and there appear solutions in E(2).
~ Equation(37) is, however, not satisfied. Equati¢d7) has a
Fi(y_)<8b’, (57)  form of Eq.(59) but Eq.(60) does not satisfy Eq59). This

] ) demonstrates the role of quantum effects in realization of
there can be an inner brane. Then if both of E&§) and  gjjatonic inflationary two brane-world universe.
(57) hold, we can have a two-brane dilatonic solution. In

case of two-brane solution, there might be, in general, a

problem in the consistency between E@sl) and(46). If we

impose both of Eqs(44) and (46), they can be regarded as  we now consider the case 2 in E&5). Definingc, as

the equations that determimpg andp, (we should note that

p, is implicitly contained in¢, and <7>0). In the classical To= C2 63)

limit, where C=0, there the terms containimg (or ¢4 and 2 53

o) disappear. Then it seems to be nontrivial if there exists .

any solution that satisfies both of Eq56) and (57). Egs. (39) and (37) for the outer brane have the following
We now consider the classical limit kw0 case, where form (whenk+0):

b’=C=b’=C=0 and Eqs(43) and(45) become identical.

Case 2 solution

Then the solutions of Eq$43) and(45) are given by _ab'=F _ 3 Yo 2E2—4ky0
. =FaV0)=16.6\2 V™ 3
1/2_ _ " q_ ~
Yo _(“ V1 2) 2 %8 y2 Kklyo 1S,
By 64
Since both of the solutions are positive, we can regard
smaller ond — sign in Eq.(58)] as expressing inner brane - 5
and larger one{ sign) as an outer brane. On the other hand, 0= Yo [2c,— 4Ky, 1yg
Egs.(44) and (46) have the following form: - 837G 3 327G
plqzlyo( 1 pi) 6k 2%
0= —2F\1-5 . (59 x| ———+—=2]+6Cdy, (65)
2 4 2 V3o V3y3
In Eq. (59), the upper sign {) corresponds to the outer , _
brane and the lower oneH) to the inner brane. We should and Eqs(41) and(38) for the inner brane, whek#0:
note that there is no solution, except for an outer bnaf]e _ _
=2, This would tell that we need the quantum correction 8b" =F3(Yo) (66)
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Yo 2¢,— 4ky0 ly2 6k 2c2 e
0= \ ~ 6C 6
837G "321G| " Gy, 3 Vo bo- ©7

Sincep, is absorbed into the definition @f, in Egs.(64) and(66), Egs.(65) and(67) can be regarded again as the equation
that determine®, or ¢o=p1 IN(P2Yo) [ Po=P1 IN(PoYo)]- Then

KYo

3 1 [2¢,—4k 3 Kl
167G | 2 23 0 _¥+Z : (68)
2C2_4ky0
V 3

Fa(yo) =

Then if F5(yo) =0, one gets

12k(1-2c)
Yo=~ g T — BB+ a®)Bw
~ 32 +(_B_ /B2+a§)l/3w2
2cy\ , (KI5 <
0=f(yo)=12zYo 5 |Yot |~ —cK|Yo . .
0= 1,e277I/3’e47TI/3
( < +1 c (69)
—_— — —_— C ~ ~
g8 37 _ 2—-8c—4c?
a=T
and . -~ -~
_ —7-12c+96c?- 163
p= 54
, 12 , 26, k312 -
f'(yo) = =z y5+2| k*= —=|yot+ | —— —Ck|. (70 .~ C
! 12 4 c=—2 (72)
k212
Then if
Then if we further putf’(yo) =0, the determinanb of the
equation is given by B2+ a3<0, (73)

Eqg. (69) has three different real solutions, akg(y,) can

2E2)2 12k (K312 _ have three extrem@t maximun).
2 —( ) Let us consider the solution of E¢4) or the behavior of
F,(yo) in more detail. In case dk>0, sinceF,(y,) con-

tains V(2c,— 4ky0)/ the value ofyo is restricted to O

4 3 <y,=<C,/2k andc, should be positivec,>0. Since
= |_2{Ez+ k212 \[5)} 3
F,(0) 3 1% g
~ 3 2T T 160G 24
x{c2+k2|2(1— \[E)} (71 16mG 24
. Ca| 3 1 2kl - 24
_ _ 2\ 2k~ " 167G 8kA\ 2T T3 )% (74)
If D<O0, the equatiorf’(yy) =0 does not have any solution.

Then there can be only one solutié(y,) =0, then in this
case,F,(y,) can have only one extremum. The explicit so- Eq (64) has an outer-brane solution, at leastFif(c,/2k)
lutions of Eq.(69) are given by —8b’. As usual—8b’>0, F,(c,/2k) should be positive,
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which requiresc,<2k?/3. More generally, since=5(0)  Since both of the two solutions are positive, there can be a

>0 andF 5(yo—C,/2k)— —, F(yo) can have at least one solution with both of inner and outer branes.

maximum. If the maximum is greater than8b’ (=0 in the _
classical case there can be an outer-brane soluf®nAnd Case 3 solution

if F,(0)<8b’ (=0 in the classical cagethere can be an We now briefly consider Case @6). First, one should
inner-brane solutiofs). We should note that such an inner note thatp,>0 since the solutiori36) contains\/ﬂ. Then if
and/or outer brar{g) solution(s) can exist in general even if \ye definec, as
b’=b’=0. Hence, the possibility of creation of inflationary
two-brane-world universe occurs not only on quantum but ~
also on classical leveldepending on the choice of the pa- €= Jo,’ (79
rameters P2
We now consider the case &0 for Eq. (64) in the

~ ~ whenk#0, Egs.(39) and(37) have the following form:
Case 2. Ifc,>0, y, can take a value from O to positive

infinity: 0<yy<<ee. Since —8b’ =F3(Yo)
3 Ic 2c, ki

_ 10)= —— | v/ 221 2 3 8 +7k\y

Fo0)= - 155 55<0. F3(0) 1%( 24 4) _ Yo \/ Wo(Cayo+ 7k\Yo)
167G | 2y, 21
Yo 2

— —_——— y I ~

Falyom +)=~ 16.6 21~0 (79 —Z—f—ﬂJy_o(clyo+3ka—o)] (80

if '¢,>3k?12/8, F,(y,) has at least one maximum. If the _
value of the maximum is larger than8b’ (=0 in the clas- oo Yo V2¥o(Cryo+ Tkylyo)
sical casg there is always an outer-brane solution. Even if T 167G 7

¢,<3k??/8, from Eq.(71), there can be a maximum when

T,>k4%(\/2—1). Here we should notd>+/2—1. When 1Yo
?:2<k2I2(\/§— 1), F,(y,) becomes a monotonically de-
creasing function of/,. SinceF,(0) is negative, there can- Sincep, is absorbed into the definition of in Eq. (80), Eq.

not be any outer-brane~solutlon. i - ) (81) can be regarded as the equation that determesr
In case thak<0 andc,<0, we findyo>c,/2k in order 4 —p In(p,y,).

26,5
967G 3Kp,C1Yo+ ; ) 3\V3C¢y. (81

that f(y) is positive. The surface ofo=C,/2k can be re- When', is negative, we find>0 and 0<y,<49%?/c?2
garded as a horizon. Since in order thatF5(y,) is real. Since
C, 3 1 (. 2K\ 3 Iky
= — 0
FZ( 2k> 167G 8Kk 2~ T3 |2~0 Fal¥o=0)="16.5 5 0
3 Y% 2 3
Fa(yo—=+%)—— 76—5 5<0, (76) 49 3 (T3 1 Tk
167G 2l o| =5 | = —\5--=] (2
(o 167G (o 42 2|C1

andF ,(yo— C,/2k) — + o, there is at least one maximum. If _

the maximum is larger thar 8b’ (whenb’<0), there are Then if F3(4%2?/c%)>—8b’ (=0 in the classical caje

outer-brane solutions. And F,(C,/2k)<8b’, there can be there can be an outer-brane solution.

an inner-brane solution. Whenc; is positive,y, can take a value from O te oo if
Finally, whenk=0 in Case 2(35), the brane equation K is positive. Since

(40) has the following form:

Ikyq
2c, 2%, Fa(yo— 0=~ 16,6 5 ~©
0=y5=lyo\/ 5+ : (77
3 3
Yo
Thenc, should be positive. The solution of E.7) is given Fs(Yo— +)=~ 165 51~0 (83

by
it is not so clear if there can be any outer-brane solution.

Yo 'f( \[ ) (79) Whenc;>0 andk<0, we findy,>4%?/c? in order that
2 373 F1(yo) is real. Since
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492 3 (7k)3[ 1 7k there is an outer-brane solution, at least Af(c,/2k)
| 7] tee Tz |2 2 =787 where
3 Y5 ~ 2 ~
Fa(Yo— +%°)=——= =<0, (84) _ 3 Yo 202—4ky0_& klyo Ic_2
167G 2l PV =16:6\2V 3 21" 2 2/
there always exists an outer-brane solutior i{ 4%?/c 3) (93)

>—-8b’.
We now summarize the obtained results. Generally the (¢) In case ofk<0, F,(y) has at least one mimimum if
obtained bulk solutions have the forthe transformation of T,<k22(\312—1) or &,>0. If the value ofF,(y) at the

metric is discussed belgw . : .
9 maximum is larger thar-8b’, there is an outer-brane solu-

(y)=p1 In(pay) tion. If ¢,>0 and F,(0)<8b’ or ¢,<0 and F,(c,/2k)
12 <8b’, there can be an inner-brane solution.
®(d)=— 1z Ty expasd)+cyexp2ad). (d) In case ofk=0, if ¢,>0, the solution is given by
(85)
(1) Case 1 I\/Lé_z 2 1
(a) Bulk solution Yo=—5— §iﬁ : (94)
6kpop? 1
Cc1= , C,=0, a=-——, #i\/g
1T 3—2p2 2 pp (3) Case 3
2 (a) Bulk solution
fly)= : (86)
4ky 3
1 3
(b) Whenk#0 and p§<2, there is an outer-brane solu- c,=3kp,, a=*x—, p;= 17
tion if El
Fi(y+)=—8b’, (87)
and there is an inner-brane solution if f(y)=21 /p—\/z_(cler 7k\pLY). (95)
~ 8\y
Fi(y_)<8b'. (89
HereF, is defined by (b) Whenc,=c,/\/p,<0, k>0, and there can be outer-
(o= g 1, a?p2ly, 59 brane solution ifF ;(4%2/c §)>—8b’, where
1Yo =166 2Y0 ~21Y0" " 16
andy.. is given by Eyeye 3| Yo YBWYoCwot Tkiyo)
%l 7 =166 2y, 21
_lLIZE ?( 1=+ 1— ?l) . (90) y2 |
0 ~
_ — 51~ 5zVo(C1yo+ kYo [ (96)
(c) Solution fork=0
2 3 1/2 3q| ql ~ .
P1I—5 Yo = 7 (99 (c) Whenc;>0 andk<0, there always exists outer-brane
solution if F5(49%?2/c2)>—8b’.
(2) Case2 From the above results in casé§—(3), we find there
(a) Bulk solution very often appear twénner and outerbranes solution as in
1 the first model by Randall and Sundrdrhi]. Moreover, the
c,=—6kp,, a=*-—, p;=7 \/g branes may be curved as de Sitter or_hypgrbolic space that
3 gives the way for an ever-expanding inflationary universe.
Such solutions often can exist even if there is no quantum
effect, i.e.,b’=0.
fly)= (92)

Let us make a few remarks on the form of the metric. If
— —4ky one considers the metric in the forfi), the warp factor

_ €?A@ does not behave as an exponential functiom bét as
(b) In case ofk>0, c,=c,/p3 should be positive and a power ofz. For example, in Case (B4),
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dy? o S, (note that the relative sign betweBpandS, is opposite.
dszzﬂer'Zl gijdx'dx Then instead of Eqs(37) and (39) or (38) and (41), one
W obtains
2 2 ~y - “
- il g dxdx Yo [dyd+(Yo) dyd-(Yo)
dZ2+ pre i,jzzl g;dx'dx, (97) 0=- OG v o) NP V0| san 5 (100
TGV Go) V(30
wherez=2q\ly. In Case 2(35) i
2 4 0 3o ! ! +8b’ (101
3dy A = ~ =
" Tomary Vg GiOXaX 167G 24, (30 2VF-(Y0)
5 . for k#0 cases. Here we denote the quantities on the brane
B c, 2k*Z° A i by ~. Fork#0, we cannot put a brane without making the
=dZ+|=— > gijdx'dx, , , , -
2 3k Jif=1 cosmological constants in the AdS-like spagesy, andy

(98 <y, different as in the case ¢f.7] where the no quantum

= corrections case has been considered.
ponential behavior of the warp fact@(?~e” requires

f(y)~1/y?, which tells that the space-time is nearly AdS: (= 1 (102
dy2 4 - qiy'
~ a:: dxidx
ds’ 72y2+y”=1 gijdx'dx Then using Eq(101), one finds
4 o 3\/37—0 1 1 ~

:d22+eyzijz=]_ gijdXIdX], (99) 0= l@ﬂ'G(Zqu 2q7 +8Db’". (103)
wherey=e”*. This would require that we need a regi@f On the other hand, from Eq100), we obtain
complete space-timewhere, the potential and the dilaton ~3/2
become almost constant. It results in difficulties when one 0=— gLG(qu—qulfHﬁéﬁb()A/o)- (104)
tries to explain the hierarchy using this model. ™

Hence, we presented a number of dilatotiidlationary,
flat or hyperbolig two-brane-world universes that are created
by quantum effects of brane matter. Sometimes, such un

verses may be realized due to specific choice of dilatonic . S ~
potential even on a classical level. ¢(Yo) =P1+ IN(P2+Y0)=P1- IN(pz-Yo). (109

The condition of the continuity of the dilaton field at the
Prane gives, from Eq.32),

Equations(103), (104), and (105 are compatible with each
IV. MULTI-BRANE GENERALIZATION other[note thatg. is given in terms op,. by Eq.(42)]. Let

In some papersfor example, in[17]), the solution with Yo and g (or py.) be independent parameters. Then Eq.
many branes was proposed. In such a model, there are té03 can be solved with respect tp. :
AdS spaces with different radii or different values of the

cosmological constants. They are glued by a brane, whose R 1

tension is given by the difference of the inverse of the radii. q-=9-(ds,Yo)= —. (106
In the solution, the value afA/dz in the metric of the form i 16wG X 16b’

(1) jumps at the brane, which tells the valuefdf) in the q. 3\/)7—0

metric choice in Eq(17) jumps on the brane sincéf(y)

=dz/dy=1/(2ydA/dz). Imagine one includes the quantum Then putting ¢(yo) = p1. IN(Po2Yo) in Eq. (104, we can
effects on the brane. Then one can, in general, glue tWQq|ye the equation with respect g,

AdS-like spaces with same values of the cosmological con-

stant. Let us assume that there is a branye:aflo and there B A

are two AdS-like spaces ig>y, andy<y, glued by the P2+=P2+(d+ Yo)

brane. One now denotes the quantity in the AdS-like space in 1 p( 1 0312
X

y>Vo (Y<Yo) by the suffix+ (—). If we consider the case = — ~#{Q+p1+(m)
where the value of is identical in two AdS-like spaces and 6Cp1(ay)
the value of the dilaton is continuous at the brane, we do not

need the counterterm correspondingSioin Eq. (5) or'S; in —q_(94,Yo)P1-[9-(q ,90)]} . (107
Eq. (14) since the action corresponding & cancels with

=—¢e
Yo
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Herep,-(q-) is defined by solving Eq42): qu
Case 1R5)=—5—— (119
2y
(A=)=1/ S (108
P1+(Q+)=\/5~ =
2 ~
9= 8k 2¢,
) i Case 2R5)= —— (115
Finally, Eq. (105 can be solved with respect i _ y 3y?
[DPs: (0 1Y0)Yo]PLOV P[0 (@ YOl 3% 4k
P2-= Yo - (109 Case 3Rpg)=— —=——. (116
21y Y
Whenk>0, Eq.(108 gives a constraint ) )
In all cases the singularity appearsyat 0.
4k In Case 1, whery~0 and the coordinates besidgsre
q+>? (110 fixed, the infinitesimally small distanags is given by
As long as the constraint in Eq110 holds, iterating the ds= \/—dy~ (117

above procedure, we can obtain curved multi-brane solu- q\/_
tions. Hence, we outlined the way to generalize the two-

brane-world for a multi-brane case. which tells that the distance between the brane and the sin-
gularity is finite. Then in cases &=0 andk<0, the singu-

V. DISCUSSION larity is naked when we Wick-rerotate space-time to Lorent-
zian signature. Whetk>0, the singularity is not exactly
naked after the Wick-rerotation since the horizon is given
by y=0, i.e., the horizon coincides with the curvature
singularity.

In Case 2, the situation is not changedke+0, k>0 and

In summary, we presented the generalization of quantum
dilatonic brane-world 10] where brane is flat, sphericéde
Sitten), or hyperbolic and it is induced by quantum effects of
CFT living on the brane. In this generalization one may have
two brane-worlds or even multi-brane-worlds that proves the
general character of the scenario suggested in R&f§] k<0 with ¢,>0 from that in Case 1 and the distance be-
where instead of arbitrary brane tension added by hands tH@€en the brane and the singularity is finite sinde
effective brane tension is produced by boundary quantum-(dy/+y)V3/2¢c, wheny is small. Whenk<0 with ¢,
fields. What is more interesting, the bulk solutions have ana<<0, however, the singularity is not naked since there is a

lytical form, at least, for specific choice of bulk potential kind of horizon aty="¢,/2k, where 1f(y)=0. We should
under consideration. note the scalar curvatuis in Eq. (114 is finite. This tells

llnt_classhlcal t()jnatonlc gra\tnté/ '_[heR\[/;%etyhof bralne-v;/r?rld thaty is not a proper coordinate when-c,/2k. If a new
solutions has been presented in where also the é)ordmater; is introduced.

question of singularities has been discussed. The fine-tune
example of bulk potential where one gets a bulk solution that ~
is not singular has been presented. Let us consider if our 2_ _ &
. . : : . n =2 : (118
solutions contain the curvature singularity or not. Multiply- 2k
ing g(sy with the Einstein equation in the bulk:
the metric in Eq(17) is rewritten as follows:

1 1
0=Rs)ur— EVM¢VV¢_ 295)ur 3 2,
ds? 4kd17+ it .2_1 g;;(xX)dxdx.

1 12
X| Ry~ p¢V b+ z+<1>(¢>)) (111 (119

The radius of 4D manifold with negative whose metric is
given byéij , has a minimunt,/2k at =0, which corre-
sponds toy=c,/2k. The radius increases whem| in-
R(5)=§Vp¢V"¢— §(|_2+q>(¢))_ (112 creases. Therefore the space-time can be regarded as a kind
of wormhole, where two universes correspondingzio 0
Substituting expression82) and(33) into Eq.(112), we find ~ and <0, respectively, are joined aj=0.
In Case 3, the singularity is nakéthe singularity is not
? 5 ) exactly naked whelk>0 as in Case )lin general and the
(5) =92~ §[01(p2)’)ap1+ Co(p2y)=®1]. (113 distance between the brane and the horizon is finite except
k>0 and ¢;<0 case since there is a horizon aly

Then for cases + 3, the scalar curvatur s, is given by = —7k/c, where the scalar curvaturé15) is finite.

which is obtained fronSg, in Eq. (2), one gets
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The price for having analytical bulk resulfsxactly solv-  cal methods. Second, it would be interesting to describe the
able bulk potentialis the presence ofnaked singularity.  details of brane-world-anomaly-driven inflatigwith non-
One can, of course, present the fine-tuned examples of bulkivial dilaton) at late times when it should decay to standard
potential as in Refd12,18 where the problem of singularity Friedmann-Robertson-Walke(FRW) cosmology. Third,
does not appear. Moreover, bulk-quantum effects may sigwithin similar scenarios one can consider dilatonic brane-

nificantly modify classical bulk configuration8,19,2q that  world black holes that are currently under investigation.
presumbly may help in the resolution @faked singularity

problem. However, in such situations there are no analytical
bulk solutions in dilatonic gravity.

There are various ways to extend the results of the present
work. First of all, one can construct multi-brane dilatonic  The work of S.D.O. has been supported in part by
solutions within the current scenario for another class of bulkCONACyT (CP, Ref. 990356 and Grant No. 28454#nd in
potentials. However, this requires the application of numeripart by RFBR and that of K.E.O. by RFBR.
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